ABSTRACT In this paper, an efficient method via unitary joint diagonalization is proposed to deal with the coherently distributed sources in bistatic multiple-input multiple-output (MIMO) radar systems. In order to determine the direction of departure (DOD) and direction of arrival (DOA) of the coherently distributed source, a special array configuration is designed both for transmitter and receiver in bistatic MIMO radar system. Then, a new signal model can be obtained by utilizing the designed array characteristic and the rotational invariance relationship is constructed both for DOD and DOA. For the special rotational invariance relationship, the joint diagonalization technique is adopted to locate the coherently distributed sources and the angular parameters are automatically paired without multidimensional search process. The proposed joint diagonalization method can also determine the targets when multiple imping sources have the common DODs or DOAs. Finally, the approximate determined Cramer-Rao bound of the proposed estimator for the coherently distributed sources is also derived. And, additional numerical results are conducted to verify the effectiveness and superiority of the proposed method.
I. INTRODUCTION
Multiple input multiple output (MIMO) radar has become an hot research topic [1] - [4] due to its advantages in the field of radar and communication. By transmitting mutually orthogonal waveforms, MIMO radar can exhibit higher resolution, better parameter identifiability, greater flexibility in the beampattern design and more degree of freedom (DOF) over conventional phased-array radar associated with coherent waveforms [5] - [7] . Based on the array configuration, MIMO radar systems are generally categorised into statistical MIMO radar with the spatial diversity [8] and colocated MIMO radar with the waveform diversity [9] . Furthermore, the colocated MIMO radar can be divided into monostatic MIMO radar and bistatic MIMO radar. For bistatic MIMO radar system, the direction-of-departure (DOD) and direction-ofThe associate editor coordinating the review of this manuscript and approving it for publication was Nosherwan Shoaib. arrival (DOA) are different, while the DOD and DOA can be regarded as the same in monostatic MIMO radar because the transmitter and receiver are close enough. In this paper, our task is to investigate the DOD and DOA estimation in bistatic MIMO radar system.
In recent years, many excellent algorithms have been developed to deal with the DOD and DOA estimation in bistatic MIMO radar. In [10] and [11] , a two-dimensional (2D) Capon estimator and 2D MUSIC estimator are proposed to determine the DOD and DOA by using a 2D peak search process at the cost of high computational complexity. In order to reduce the tremendous calculation burden, the corresponding reduced-dimensional Capon (RD-Capon) and RD-MUSIC algorithm are also discussed for DOD and DOA estimation in [12] and [11] . More specially, one and two one-dimensional (1D) peak search process are involved in [11] and [12] , respectively. By analysis, the RD methods still can maintain a favourable estimated performance VOLUME 7, 2019 This work is licensed under a Creative Commons Attribution 4.0 License. For more information, see http://creativecommons.org/licenses/by/4.0/ compared with the original 2D spatial peak searching methods. Furthermore, in order to avoid peak searching, the estimation of signal parameters via rotational invariance technique (ESPRIT) is adopted to estimate the angular parameter in bistatic MIMO radar [13] . An improved ESPRIT algorithm with automatic angular parameter pairing is proposed in [14] . The polynomial root finding algorithm is proposed in [15] for jointly estimating of DOD and DOA. In [16] , a method combining ESPRIT and SVD of cross-correlation matrix is put forward to obtain the closed-form solution for angular parameter estimation in bistatic MIMO. Additionally, the total number of resolved targets can be identified and superior angle estimation performance can be guaranteed even the backgorund noise is spatially color noise. In [17] , an alternating-projection-based maximum likelihood (ML) estimators is presented to improve the DOD and DOA estimation performance even when the impinging target is coherent. In order to determine the underdetermined DOD and DOA estimation in bistatic MIMO radar, the joint diagonalization algorithm is proposed in [18] and [19] . And, the joint diagonalization is further applied to the 2D-DOD and 2D-DOA estimation by using the L-shaped transmit and receive array structures. In [20] - [22] , the third-order tensor-based algorithms using the multidimensional structure inherence in the bistatic MIMO radar data are tailored to locate the DOD and DOA after matched filtering operation. Besides, matrix completion as a significant mathematics tool is employed for target localization in bistatic MIMO radar when there exists missing entries in the collected data after the matched filtering [22] . Nevertheless, the aforementioned approaches to DOA and DOD joint estimation for MIMO radar only consider the far-field point source model, where the targets are assumed to the perfectly planar wavefronts impinging on the array. In many practical scenarios, the performance of angular parameter estimation needs to be improved due to the imperfect environment. In [23] , an efficient method is proposed to deal with the unknown mutual coupling existed in mixed rectilinear sources localization. In [24] , [25] , a fourth-order PARAFAC decomposition estimator is proposed to deal with the nonorthogonal waveforms in colocated MIMO radar. Except for the above mentioned imperfect situation, in wireless communications, radar and navigation, the multi-path signals cannot always be ignored due to the characteristic of reflection and scattering by buildings, vehicles, trees and rough surfaces. Thus, a spatially-distributed source-based model is more appropriate to locate the targets in these environments. General speaking, distributed sources have been classified as coherently distributed (CD) sources and incoherently distributed (ID) sources. In [26] , the noncircularity is used to deal with the 1D CD sources DOA estimation in massive MIMO radar system. And the problem of coexist circular and noncircular CD sources is also detailed analysis. In [27] and [28] , three-parallel ULAs and multiple uniform circular arrays are designed to locate the 2D angular parameters estimation for ID sources. In [29] , [30] , 2D ID and CD sources DOA estimation in massive MIMO system with uniform rectangular array are considered by using ESPRIT-like and unitary ESPRIT algorithm, respectively. From the above analysis, we can find that the current literatures about distributed sources mainly focus on the 1D linear array and 2D rectangular array or circular arrays. To the best of our knowledge, there are no reports about the angular parameter estimation for distributed sources in bistatic MIMO radar system. In the practice environment, the spatially-distributed source-based model is existed for the bistatic MIMO radar system due to multipath propagation of the reflection and scattering. Thus, it is an meaningful work to tackle the DOD and DOA estimation for distributed sources scenario in bistatic MIMO radar. Here, the CD source scenario in the bistatic MIMO radar is investigated.
The main contributions of this work are highlighted below:
• A new array configuration is designed both for transmitter and receiver in bistatic MIMO radar system. There are two subarrays with a small displacement in the transmit array and receive array, and the corresponding signal model in the receiver is constructed by using the special array characteristic.
• The rotational invariance relationship for central DOD and DOA is verified with the aid of the small displacement distance in the transmit and receive array. Moreover, two matrices related to central DOD and DOA are constructed after utilizing three selection matrices to the signal subspace.
• In order to realize the automatic central angular parameter pairing, the joint diagonalization method is proposed. And, the proposed joint diagonalization method can solve the angle ambiguity problem when multiple sources have common DODs or DOAs.
The rest of this paper is organized as follows. In Section II, the signal model is addressed. In Section III, we describe the proposed joint diagonalization algorithm and corresponding process is given. In Section IV, the closed-form expression of the Cramer-Rao Bound (CRB) is derived in detail. In Section V, the performance of the proposed method is evaluated through extensive simulations and Section VI concludes the paper.
Notations: Throughout this paper, scalars, vectors and matrices are denoted by lowercase letters, lowercase letters in boldface and uppercase letters in boldface, respectively. The superscripts * , T and H denote the complex conjugate, the transpose, and the complex conjugate transpose. The Moore-Penrose pseudoinverse is denoted with superscript †, denotes the integration opration and ∂f ∂x denotes the derivation. arg () presents phase operator and E() is the statistical expectation operator. The symbol ⊗, and ⊕ denote the Kronecker product, Kronecker-Rao and Hadamard operation, respectively. diag(a) stands for a diagonal matrix with its main diagonal elements being the elements of a. Additionally, 0 and I denote the zero matrix and identity matrix with appropriate dimensions. 
II. SIGNAL MODEL
Consider a bistatic MIMO radar system with 2M transmit and 2N receive array. As illustrated in Fig. 1 , the tramsmitter and receiver are collocated and both of them can be divided into two different subarrays with equivalent number of sensors, namely M = M and N = N . For transmit array, the first subarray contains the sensors with coordinates 1, 2, · · · , M , while the second subarray contains the sensors with coordinates 1 , 2 , · · · , M . For receive array, the first subarray contains the sensors with coordinates 1, 2, · · · , N , while the second subarray contains the sensors with coordinates 1 , 2 , · · · , N . Both for transmit and receive subarrays, the unit interelement spacing is set to λ/2 and a small displacement δ λ is deployed between the first subarray and the second subarray. The tramsmitter utilizes the 2M arrays to emit different narrowband orthogonal waveforms, which have the identifical bandwidth and center frequency. Assume that the number of CD sources is K , and letᾱ k ,θ k , σ αk and σ θk denote the central DOD, central DOA, DOD angular spreads and DOA angular spreads of the kth source, respectively. Hence, the kth CD source can be modeled by a stochastic process, where the DOD and DOA (α k , θ k ) obey a random angular distribution with the central DOD and DOA (ᾱ k ,θ k ) and the angular spreads σ θ k and σ φk . Generally, α k ∈ (−90 0 , 90 0 ) and θ k ∈ (−90 0 , 90 0 ), σ θk and σ φk are sufficiently small. And, in the following analysis, we assume that the angular spreads are known. Thus, the kth source arrived at the receiver, after matched filtering, can be expressed as
where
denotes the central angulars and angular spreads parameters of the kth CD sources. ς k (t, α k , θ k ; µ k ) denotes the angular signal intensity over the angular volume of (α k , θ k ), which can be denoted as
wheres k (t) denotes the RCS of the kth target at the tth snapshot with signal power E|s k (t)| 2 = α 2 kt , ρ(α k , θ k ; µ k ) denotes the angular density function of the kth source. The conventional two typical angular density function are uniform distribution and the Gaussian distribution, which can be denoted as follow
and
Thus, the output vector at the receive array can be denoted as
denotes the additive Gaussian white noise vector with zero mean and variance σ 2 . In order to obtain the closed-form of the generalized steering vector b k , we firstly use the Taylor series expansion for transmit steering vector and receive steering vector
Letα k = α k −ᾱ k andθ k = θ k −θ k , then, the generalized steering vectors for transmit steering vector and receive steering vector can be further expressed as
Moreover, when ρ(α k , σ αk ) and
for uniform distribution. And
for Gaussian distribution. Thus, the generalized steering vectors for transmitter and receiver can be rewritted as
The closed-form of the output generalized steering vector b k can be obtained as
Now, we consider the output of the designed special bistatic MIMO radar with 2M transmit and 2N receive array. Let x 11 (t), x 12 (t), x 21 (t) denote the output data of the first receive array and the first transmit array, the first receive array and the second transmit array and the second receive array and the first transmit array, respectively. Thus
] denotes the generalized steering matrices correspodning to the output data of the first receive array and the first transmit array, the first receive array and the second transmit array and the second receive array and the first transmit array, respectively. The detailed expression of the generalized steering vectors b 11k , b 12k and b 21k for k = 1, 2, · · · , K can be denoted as
Then, the following rotational invariance relationship can be obtained
(21) B 12 = B 11 (22) where
denotes the rotational invariance factors for central DOA and DOD, respectively. In order to take advantage of the rotational invariance relationship between the transmit array and receive array, a new data vector is defined by stacking the output data of x 11 (t), x 12 (t), x 21 (t) as follow
In practice, due to the finite number of snapshots, the covariance matrix can be expressed as 
III. DOD AND DOA ESTIMATION OF THE COHERENTLY DISTRIBUTION BASED ON JOINT DIAGONALIZATION
In order to obtain the accuracy DOD and DOA estimation for coherently distribution sources in bistatic MIMO radar, here, an efficient DOD and DOA estimator based on joint diagonalization is proposed. By performing eigendecomposition onR, we can obtainR
where U s ∈ C 3MN ×K denotes the signal subspace matrix, U n ∈ C 3MN ×(3MN −K ) denotes the noise subspace matrix,
] denotes the 3MN − K small eigenvalues corresponding to the signal subspace matrix and noise subspace matrix, respectively. As U s and B span the same column space, there exists a non-singular matrix T satisfiesB = U s T (28) Define three selection matrices as follow
where J 1 , J 2 , J 3 ∈ C N ×3N , J 1 select the first N components (the index is from 1 to N ) of an 3N × 1 vector, J 2 select the middle N components (the index is from N + 1 to 2N ) of an 3N × 1 vector, J 3 select the last N components (the index is from 2N + 1 to 3N ) of an 3N × 1 vector. Then, the selection matrices for DODs and DOAs of CD sources can be expressed as
Thus, the direction matrices corresponding to DODs and DOAs can be defined as
The eigendecomposition of G φ and G θ can be expressed as
and U α and U θ denote the K ×K unitary matrices. From (37) and (38), we can find that pairing problem is inevitable for DODs and DOAs by sepatately performing eigendecomposition on G α and G θ . And when multiple sources have the same DODs or DOAs, the angle ambiguity problem also need to be solved. In order to avoid the disadvantages of the eigendecomposition, joint diagonalization method used in blind signal separration can be adopted to determine the accurate DODs and DOAs estimation. According to [18] and [32] , it can be deduced that
It is noted that (41) and (42) have the unitary joint diagonal structure, which can be solved via the joint diagonalisation technique. The key step for joint diagonalisation method is to utilize the Jacobi-like algorithm with plane rotations to achieve simultaneous diagonalisation. Let G = {G α , G θ }, there exists a unitary matrix V that is essentially equivalent to U, which can be obtained by minimizing the following nonnegative function
where off (M N ) = 1≤i =j≤N |M ij | 2 , and matrix U is called a joint diagonallizer. Since U is the eigenvector of both G α and G θ , the angular parameter α and θ can be obtained from the eigenvalue matrices α and θ . And the obtained angular parameters are one to one correspondence without additional pairing process. In [32] , the detailed pesudo code for this procedure can be found. Then, after obtaining the unitary matrix U, the eigenvalues corresponding to G α and G θ can be solved as follow
is the kth column of U. From (44) and (45), the estimatedα andθ can be easily obtained
and there is no need for a pair matching operation. The proposed method for DODs and DOAs estimation of CD sources is summarized in Algorithm 1. What is more, the computational complexity of the proposed method mainly contains the eigenvalue decomposition of the new defined matrixR and joint diagonalizer of the set G = {G α , G θ }. The eigendecomposition operation forR requires a amount of complex multiplications of O( (3MN ) 3 ) ; and the joint diagonalization operation requires O(κ(K ) 3 ), where κ denotes the iteration times in the joint diagonalisation process. Thus, the total computational complexity of the proposed method is O((3MN ) 3 +κ(K ) 3 ). As analyzed in [32] , for = 10 −8 , κ is smaller than 10. Due to the number of the iteration times κ is usually small, as a result, the computational complexity of the proposed method is higher than the 2D rotational invariance method, while less than the 2D spectral peak search methods.
IV. DERIVATION OF THE CRAMER-RAO BOUND
In this section, we derive the closed-form expression of the deterministic CRB for CD sources in bistatic MIMO radar. In [33] , the stochastic CRB which can provide a more asymptotically theoretical lower bound on DOD and DOA estimation in bistatic MIMO radar is derived in detail. Although, the stochastic CRB is more suitable to evaluate the algorithm performance when the RCS coefficients in bistatic MIMO radar system satisfy complex Gaussian distribution. But, for the CD source in bistatic MIMO radar system, we still use Algorithm 1 Summary of the Proposed Method Input: array received data x 12 (t), x 11 (t), x 21 (t), threshold value Output: estimated DODsα and estimated DOAsθ 1: Calculate the covariance matrix according to (26) and perform the eigendecomposition onR to get U s according to (27) 2: Construct three selection matrices for DODs and DOAs of CD sources according to (29)- (31) and then define two direction matrices
12:
x 2 + y 2 + z 2 ;
15: 
the deterministic CRB to evaluate the proposed method as analyzed in [27] - [30] . Thus, the derivation of the stochastic CRB for CD sources is omitted in this paper. As the angular spreads σ θ k and σ φk are known, the estimated parameters are central DODᾱ and DOAθ. According to [34] , the expression of the CRB can be obtained as follow. Firstly, the estimated parameters can be rewritten as the vector form
It is well known that CRB is equal to the diagonal elements of inverse of Fisher information matrix (FIM). So we only calculate the FIM of parameters of (48), then the corresponding CRB can be obtained. The FIM of α and θ can be expressed as
As derived in [34] , the (i, j) elements of J hk , (h, k = α, θ) for T snapshots can be expressed as
where R denotes the theoretical array covariance matrix. The array covariance matrix R can be denoted as
Here, we only derive the approximate CRB when the angular density function is Gaussian distribution. The approximate CRB for uniform distribution can be obtained in the same way and the corresponding process is omitted in this paper. For the angular density function satisfies Gaussian distribution, we rewrite the generalized steering matrixB as follow
. And,
Then, we calculate the first-order partial derivative of R with respect toᾱ k andθ k as follows
where the detailed results of
are shown at the top of the next page. Finally, the closed-form expression of the deterministic CRB can be obtained for DOD and DOA.
V. SIMULATION RESULTS
In this section, a series of simulation results are presented to evaluate the effectiveness and superiority of the proposed method for joint DOD and DOA estimation of CD sources in bistatic MIMO radar system. In the following simulation, a narrowband bistatic MIMO radar system with 2M transmit antennas with M = M and 2N receive arrays with N = N is considered, both transmit and receive arrays are half-wavelength inter-element spacing ULAs. And the small
. . .
displacement δ is set to λ/10. The average root mean square error is adopted to measure the angular parameter estimation performance
where I denotes the number of the independent Monte Carlo trails. Unless explicitly stated, the RMSE curves presented in the following simulation are obtained by using I = 300 independent trials. And,α i ,θ i denote the estimated central angular parameters corresponding to α and θ in the i-th trial, respectively. In the first experiment, a narrowband bistatic MIMO radar system with 12 transmit arrays and 12 receive arrays is considered. Assume three equi-powered uncorrelated narrowband far-field targets with central DOD and DOA (ᾱ,θ) are (20 0 , 30 0 ), (30 0 , 40 0 ), (40 0 , 50 0 ), the corresponding DOD angular spreads are σ α1 = 1, σ α2 = 1.5, σ α3 = 1.8 and DOA angular spreads are σ θ 1 = 0.5, σ θ 2 = 1.5, σ θ 3 = 1. A total of 300 snapshots are used and SNR is set to 15dB. In Fig. 2 , the spatial spectrum estimation performance of the proposed algorithm is verified by using different angular density function. As illuminated in Fig. 2(a) and Fig. 2(b) , the paired angle estimation results are obtained with the aid of 100 Monte Carlo trials. It is indicated that the DODs and DOAs of the three incident signals are well located and paired correctly both for the uniform distribution and Gaussian distribution.
In the second simulation, we verify the spatial spectrum estimation performance when there exist angle ambiguity by using the proposed method. Consider four equi-powered uncorrelated narrowband target signals with central DOD and DOA (ᾱ,θ) are (20 0 , 20 0 ), (20 0 , 60 0 ), (40 0 , 20 0 ), (40 0 , 60 0 ), the corresponding DOD angular spreads are σ α1 = 1, σ α2 = 1.5, σ α3 = 1.8, σ α4 = 1.2 and DOA angular spreads are σ θ 1 = 0.5, σ θ 2 = 1.5, σ θ3 = 1, σ θ 4 = 2. As we can see, s 1 (t) and s 2 (t) have commonᾱ, s 1 (t) and s 3 (t) have commonθ, s 2 (t) and s 4 (t) have commonθ and s 3 (t) and s 4 (t) have commonᾱ. Other simulation parameters are the same as the first simulation. From Fig. 3(a) and Fig. 3(b) , we can find that the proposed method can still accurate estimate the CD sources with central common DODs or DOAs both for uniform distribution angular density function and Gaussian distribution angular density function. Thus, the joint diagonalization method is efficient to deal with the angle ambiguity problem for CD sources in bistatic MIMO radar. In the third simulation, RMSE performance as a function of SNR and snapshots for the proposed method is illuminated in Fig. 4 (a) and Fig. 4 (b) , where the CRB curves presented in Fig. 4 (a) and Fig. 4 (b) are composites of the means of the three sources under the condition of different snapshots and SNRs, respectively. As illuminated in Fig. 4 (a) , the number of snapshots increase from 100 to 1000 with a step of 100 and the SNR is set to 15dB. Other simulation parameters are same as the first simulation. From Fig. 4 (a) , we can find that the value of RMSE decreases with the number of snapshots increasing. And the proposed method can still mantain a better angular estimation precision when the available snapshots is smaller than 300. As shown in Fig. 4 (b) , the SNR increases from 0dB to 35dB with a step of 5dB and the snapshots is fixed at 300. From Fig. 4 (b) , we can find that RMSE value of the proposed method can almostly equal to 10 −2 when the SNR is set as 35dB.
In the final simulation, the RMSE performance of proposed method versus different number of CD sources and different number of arrays in bistatic MIMO radar are demonstrated. As illuminated in Fig. 5(a) , the transmit and receive arrays are the same with the first simulation while the sources increase from K = 2 to K = 4. Three types of CD sources are (20 60 0 ) , respectively. The SNR increases from 0dB to 35dB with a step of 5dB and the snapshot is fixed at 300. It is indicated in Fig. 5(a) that the angle estimation performance of the proposed algorithm is reduced with the number of CD sources increasing. Thus, for fixed array aperture, the smaller sources are, the higher estimation precision will be. In Fig. 5(b) , the receive arrays are fixed in bistatic MIMO radar while the transmit arrays increase from 4 to 8 with a step of 2. The number of CD sources is set to the same as the first simulation. With the SNR increases from 0dB to 35dB, the large transmit array provides a better estimation precision due to the increase of the degree of freedom. In order to further illustrate the performance of proposed method versus different number of arrays (M , N ), we consider three scenarios for different number of array (M , N ), which are (M , N ) = (4, 4), (M , N ) = (6, 6) and (M , N ) = (8, 8) . In Fig. 5 (c) and Fig. 5(d) , the RMSE performance versus different transmit and receive arrays are demonstrated. As illuminated in Fig. 5 (c) and Fig. 5 (d) , we can find that the improvement of the arrays is very important to obtain a high angular resolution. And for easy comparison, the corresponding CRB curves are also provided under the condition of different number of CD sources and different arrays in bistatic MIMO radar system. The CRB curves presented in Fig. 5(a) are the means corresponding to two sources, three sources and four sources in the condition of the fixed transmit and receive array, respectively. In Fig. 5(b) - Fig. 5(d) , the CRB curves are composites of the means of the fixed three sources with different array apertures. The smaller number of sources and larger transmit arrays are, the lower CRBs can be obtained as illuminated in Fig. 5 .
VI. CONCLUSION
An efficient estimator has been proposed to deal with the joint DOD and DOA estimation for CD sources in bistatic MIMO radar. The proposed method firstly constructs the rotational invariance relationship for central DODs and DOAs by using the designed transmit and receive array. Then, the estimated central DODs and DOAs are paired automatically by using joint diagonalization. And, the proposed joint diagonalization method can solve the angle ambiguity problem when multiple CD sources have the same DODs or DOAs. The closed-form expression for the deterministic CRB is also derived to offer a lower bound for the central DODs and DOAs in the CD sources scenario. Numerical results show the excellent performance of the proposed method. In the near future, we will focus on the angular parameter estimation for CD sources in bistatic MIMO radar system under the background of lowgrazing-angle condition. His research interests include inverse synthetic aperture radar imaging, feature extraction, and electromagnetic environment effects.
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